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o £E=R?> xRt x {1,..., K} with K > 1. We denote by
X = (z,R, k) an element in &.

e M(E) the space of locally finite configurations in £. We
denote by « a configuration in M(E) and by 7 its
associated germ-grain set

= U B(z, R).

(z,R,k)ey

]

o 77 the Poisson Point Process on £ with intensity
2 ® Q @ U where z > 0, Q probability measure on R
and U, the uniform distribution on {1,..., K}.

e 75 the Poisson Point Process on £y := A xRt x {1,..., K}
with intensity zAp ® Q ® Uk .
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Multi-type Boolean model

o Non-overlapping density :
For any configuration v in £y

Ia(y) = Ta,, (7),

where v € Ayop, C M(E) if and only if
V(z, R, k), (z/, R\, k') € v

k#kK =|z—2|>R+R.

o Multi-type Boolean model :
-On A .

]' z
mfA(V)WA(d’Y)~

-On R? : Gibbs (or Markov) modifications. We can prove
that there exists a such model.

Py(dy) =
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Representation of the multi-type Boolean model on A

For K = 2 : red particle (k = 1) and blue particle (k = 2).
A one-type Boolean model on A with density 2NVee(?) -

1 _
Qa(dy) = 72Ncc(w)ﬁi(d7)_
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Representation of the multi-type Boolean model on A

For K = 2 : red particle (k = 1) and blue particle (k = 2).
A one-type Boolean model on A with density 2Vee(¥) .

1 _
Qaldy) = Z—A2N“”)7Ti(dv)‘

In colouring independently the connected components, we
obtain a 2-type boolean model on A.
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The multi-type Quermass model on A

o Quermass density :
For any configuration v in £p

H(y) = 01A(7) + 62L(7) + 03x(7),

fay) = Ma,, (V)G_H(’Y)-

o Multi-type Quermass model on A :

Pa(dn) = ZlAfmmuw.

e References :

e K=1,0; >0, 0 =03 =0: Widom - Rowlinson (70)

o K =1 : Likos - Mecke - Wagner (95), Mecke (96), Kendall -
Van Lieshout - Baddeley (99).

o K>1,0, >0, 0, =03 =0 : Chayes - Kotechy (95),
Giacomin - Lebowitz - Maes (95)
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Representation of the multi-type Quermass model on A

For K =2:
A one-type Quermass model Py on A with density 2Nee(7) -
1 _
Qaldy) = Z*?N“(W)PA(CZ’Y)-
A
Example with #; = —0.2, 8 = 0.3 and 03 =0 :
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Representation of the multi-type Quermass model on A

For K =2:
A one-type Quermass model Py on A with density 2Nee() -

1 _
Qaldy) = Z—A2Ncc<7)PA(d7).

Example with 8 = —0.2, o = 0.3 and 03 =0 :

In colouring independently the connected components, we
obtain a 2-type Quermass model on A for the same parameters.
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Multi-type Quermass models in R?

We assume that Q([0, Ro]) = 1.

o The local Quermass conditional density :

Ha(valvae) = H(Ya@B(0,2Ry)) — H(VA@B(O,zRO)\A).
fa(yalyae) = Mg, (fy)g_HA(’YA"YAC)‘

e Multi-type Quermass model in R? :
Any probability measure P satisfying, for each bounded A,
the DLR equation

P(dyalyac) = )fA(VA\’YAc)F/Z\(dV)-

1
Zn (VA
e Questions : Existence, uniqueness, non uniqueness (phase
transition), percolation ?
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First results.

e Widom-Rowlinson (70) : K =1,60; >0, 6, =0, 63 = 0.
Existence and phase Transition for z large enough.

e Chayes-Kotecky (95): K > 1,60, >0,0,=0,03=0
Percolation and phase transition for z large enough.

e Giacomin-Lebovitz-Maes (95) : Idem

e Der. (09) : Existence for any parameters.
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First results.

e Widom-Rowlinson (70) : K =1,60; >0, 6, =0, 63 = 0.
Existence and phase Transition for z large enough.

e Chayes-Kotecky (95): K > 1,60, >0,0,=0,03=0
Percolation and phase transition for z large enough.

e Giacomin-Lebovitz-Maes (95) : Idem

e Der. (09) : Existence for any parameters.

Percolation for one-type Quermass Model with z large enough

4

Phase transition for multi-type Quermass model (K > 1)

with z large enough.
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Main Result

In this Section K =1
"~ percolates” means "there exists an unbounded connected
component in F".

Theorem (Coupier, Der.)
We assume that Q([Ro, R1]) = 1 with (Ry > 0 and Ry < 00),
then for any coefficients 01,605,035 in R, there exists z* > 0 such

that for any z > z* and any Quermass process P for parameters
z, 01,62,03,

P (7 percolates) = 1,

Main issue : when 03 # 0, it is impossible to obtain a
stochastic minoration of P by Poisson processes

For all 2’ > 0, 73 £ Py.
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The connection Lemma

D is open for 7 if
a) yN By # 0 b

b) the same for Bg, By, Bs m

¢) By, Bg, By, Bg are

B
connected via yp K

a b

D = the diamond box . l

Lemma (Connection Lemma)

There ezists C > 0 (depending on 01, 02 and 63) such that for
any z > 0 and any Quermass process P

inf P(D is open |ype) > 1 — g

YAc
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Classical Bernoulli domination

Let (V, E) be an undirected graph with uniformly bounded
degrees and ¢ a random variable in {0,1}V

Lemme (Liggett et al. 97)
Let p € [0,1]. Assume that for all z € V,

P(& =11 : {e.y} ¢ E) = p as.

Then the law of {&,x € V'} dominates stochastically a product
®zey Bz of Bernoulli laws with parameter f(p), with
lim, 1 f(p) = L.
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Results

Theorem (Coupier, Der.)

We assume that Q([Ro, R1]) = 1 with (Rp > 0 and R; < 0),
then for any coefficients 61,03,0s in R and K > 1, there exists
z* > 0 such that for any z > z*, there exist several multi-type
Quermass processes for parameters z, 01,02,03 and K.

In particular, there exist several multi-type Boolean models for
K fixed and z large enough.
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Approximation by finite volume multi-type Quermass
processes

Proposition

The set of multi-type Quermass processes is a Choquet’s Simplex
such that each extremal process P is ergodic with the following
approzrimalion

P: 1 P c),
lim, P(|ne)

for P almost every ~.
Conwversely, for every v such that the multi-type Quermass
process on A given the outside configuration ypxe converges to a

probability measure P. Then P is a multi-type Quermass process
on R2.

v
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Stochastic domination for 2Ne Py

Proposition
Let v be a configuration. Let (PF(.|vA¢))z>0 be the one-type
Quermass processes on A for parameters z and 01, 02, 05. Then

1
PE?(fae) 2 ZQNCCP§(~|VA0),

with

™

———
C -9 arcszn(w) > 0

In particular, thanks to the approximation and the
representation of the multi-type Quermass processes, we show
that the multi-type Quermass process percolates for z large
enough.
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The phase transition proof

Let Z—I[\2NCCPX(.|7AC) be a modified one-type Quermass process
with a full boundary condition

2-type Quermass Process in A 2-type Quermass Process in A
with red boundary condition  with blue boundary condition
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in R? with the red particle density bigger than the blue
particle density (if percolation occurs).
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The phase transition proof

o When A goes to R?, the 2-type Quermass process in A with
red boundary condition goes to a 2-type Quermass process
in R? with the red particle density bigger than the blue
particle density (if percolation occurs).

o Conversely for the 2-type Quermass process in A with blue
boundary condition.

e We build two different 2-type Quermass processes in R2.
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